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We compare the detection abilities for the relic gravitational waves by two kinds of forthcoming 
cosmic microwave background radiation (CMB) experiments, space-based Planck satellite and the 
various ground-based experiments. Comparing with the ground-based experiments, Planck satellite 
can observe all the CMB power spectra in all the multipole range, but having much larger instru- 
mental noises. We find that, for the uncertainty of the tensor-to-scalar ratio Ar, PolarBear (II) as 
a typical ground-based experiment can give much smaller value than Planck satellite. However, for 
the uncertainty of the spectral index Ant, Planck can give the similar result with PolarBear (II). 
If combining these two experiments, the value of Ant can be reduced by a factor 2. For the model 
with r — 0.1, the constraint Ant ~ 0.10 is expected to be achieved, which provides an excellent op- 
portunity to study the physics in the very early universe. We also find the observation in the largest 
scale {i < 20) is very important for constraining the spectral index nt. So it is necessary to combine 
the observations of the future space-based and ground-based CMB experiments to determine the 
relic gravitational waves. 



I. INTRODUCTION 

Relic gravitational waves (RGWs) are generated in the 
very early Universe due to the superadiabatic amplifica- 
tion of zero point quantum fluctuations of the gravita- 
tional field [l|,Ja, and freely evolve in the whole stage of 
the Universe [3|,|4|. So RGWs carry invaluable informa- 
tion about early history of our Universe inaccessible to 
any other medium. 

Detection of RGWs is rightly considered a highest pri- 
ority for the upcoming cosmic microwave background ra- 
diation (CMB) experiments. The current CMB experi- 
ments are yet to detect a definite signature of RGWs 5] . 
In the near future, the successive generation of the ex- 
periments, including the space-based Planck satellite @ 
and the various ground-based experiments ItI. [sl [ol. [Toll to- 
gether with a host of balloon-borne experiments will 
provide an increasing sensitive measurement of RGWs. 

The space-based experiments, as COBE, WMAP and 
Planck satellites, can remove atmospheric noises and ob- 
serve the fairly cleaned CMB temperature and polariza- 
tion anisotropy fields. In addition, the space-based ex- 
periments provide the unique opportunity to detect the 
CMB power spectra in the largest scale {£ < 20) by sur- 
veying the full sky. 

At the same time, the CMB polarization field can also 
be observed by the ground-based experiments. Since the 
atmospheric emission is not expected to be linearly po- 
larized , by integrating deeply on the relatively small 



patches of sky, it is possible to make a measurement of 
the polarization anisotropies with a comparable signal- 
to-noise ratio to a satellite experiment on all but the 
largest angular scales. 

In this letter, we shall investigate the detection abili- 
ties for the RGWs, by the observations of the forthcoming 
generation of the ground-based and space-based experi- 
ments. By calculating the constraints on the tensor-to- 
scalar ratio r and the tensor spectral index rit, we shall 
compare the detection abilities of these two types of ex- 
periments. We also investigate the potential improve- 
ment of the detection ability by combining the observa- 
tions of them. 



II. REVIEW OF PRIMORDIAL 
PERTURBATIONS, CMB AND NOISES 

A. Primordial perturbation power spectra 

The main contribution to the temperature and polar- 
ization anisotropics of the CMB comes from two types of 
cosmological perturbations, density perturbations (also 
known as the scalar perturbations) and RGWs (also 
known as the tensor perturbations). The primordial 
power spectra of these perturbations are usually assumed 
to be power laws, which is a generic prediction of a wide 
range of scenarios of the early Universe [3]. If we ig- 
nore the running of the spectral indices, the primordial 
spectra can be written as the following simple forms 

P,(fc) = ^(fco)(fc/fco)"="\ (1) 
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Pt{k) = At{ko) (fc/fco)' 
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where kg is the pivot wavenumber, which can be arbitrar- 
ily chosen. Ug and rit are the scalar and tensor spectral 
indices. The tensor-to-scalar ratio is defined by 



^(fco) 



(3) 



For a fixed A^, the primordial power spectra of RGWs 
are completely determined by two parameters r and rit , if 
a power-law form in ([2]) is assumed. The simplest single- 
field slow-roll inflationary models predict a consistency 
relation between r and nt pTsf : nt = —r/8. However, 
this consistency relation is incorrect for other inflationary 
models [l^l- So the determination the parameters r and 
nt by the observations, provides an excellent opportunity 
to distinguish various inflationary-type models. 

Since in this letter, we are primarily interested in the 
parameters of the RGW field, in the analysis below we 
shall work with a fixed cosmological background model. 
More specifically, we shall work in the framework of 
ACDM model, and keep the background cosmological 
parameters fixed at the values determined by a typical 
model 

h = 0.732, Qbh^ = 0.02229, . . 

n^h^ = 0.1277, Qk = 0, Tre^on = 0.089. 

Furthermore, in order to show the results in the figures, 
we adopt the following parameters of the density pertur- 
bations and tensor spectral index, 



As = 2.3 X 10" 



1, nt = 0. 



(5) 



B. CMB power spectra and their estimators 

Let us turn our attention to the CMB field. Density 
perturbations and gravitational waves produce tempera- 
ture and polarization anisotropics in the CMB character- 
ized by four angular power spectra Cj , Cf, CP and CF 
as functions of the multipole number i [H, [l7|, [l9[ . 
Here Cf is the power spectrum of the temperature 
anisotropics, Cf and are the power spectra of the 
so-called i?-mode and _B-mode polarizations and is 
the power spectrum of the temperature-polarization cross 
correlation. 

In the linear theory, the various power spectra Cj 
(where Y = T, E, B or C) can be presented in the fol- 
lowing form 



Cj = C, 



e.s 



C, 



(6) 



where Cjs &re the power spectra due to the density per- 
turbations, and Cf^ are the power spectra due to RGWs. 

The CMB power spectra Cf are theoretical construc- 
tions determined by ensemble averages over all possible 
realizations of the underlying random process. However, 
in real CMB observations, we only have access to a sin- 
gle sky, and hence to a single realization. In order to 



obtain information on the power spectra from a single re- 
alization, it is required to construct estimators of power 
spectra Dj The probability distribution functions 

for the estimators are detailed described in \2d\, which 
predicts the expectation values of the estimators 



and the standard deviations 1201 



2(Cf+N^f 



iX = T,E,B) 



^'^Df) - W+TfhTy 



(7) 



(8) 



where /sky is the cut-sky factor, and are the noise 
power spectra, determined by the specific experiments 



C. Noise power spectra 

Considering an experiment with multiple frequency 
channels, the total instrumental noise power spectra can 
be approximately presented as (see for instance [22[), 



X 



1 



^ N. 
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(9) 



Here is the noise power spectrum for the individual 



frequency channel, which is given by 
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pix 



exp 
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(10) 



In this formula, 9p is the full width half maximum 
(FWHM) beam size. The pixel noises cr^^ depend on 
the survey design and the instrumental parameters. 

First, let us focus on the space-based Planck satellite. 
In this paper, we consider four frequency channels for the 
Planck satellite, which are listed in TableHl After two full 
sky survey (14 months), the pix noises cr^^ are expected 
to be the values listed in Table [T] for different channels. 
In FIG[l] we plot the instrumental noise power spectrum 
, as a comparison with the values of CMB power spec- 
trum cf in the model with r = 0.1 and r — 0.01. We 
find, in the model of r = 0.1, the value of is larger 
than that of Nf only at the largest scale. So Planck 
satellite can detect RGWs mainly by the observation in 
this largest scale, which will be clearly shown in the fol- 
lowing section. 

For a ground-based experiment with Nd detectors, a 
solid angle per pixel 9p and a sensitivity NET, we assume 
it will survey an area 47r/sky in the integration time tabs- 
The pixel polarization noises are 



( E \2 _ / B \2 



(^/2NET)2 . AttI, 



sky 



tobsNd Oy 



(11) 



In this paper, we shall discuss five kinds of ground-based 
experiments: BICEP, PolarBear (I) and (II), QUIET (I) 
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TABLE L Instrumental parameters for Planck satellite @]. 



Band center [GHz] 


100 


143 


217 




6.8 


6.0 


13.1 


(jpi^ and api^ [^K] 


10.9 


11.5 


26.8 


FWHM [arcmin] 


9.5 


7.1 


5.0 


/sky 


0.65 


£ range 


2 ~ 1000 


Integration time 


14 Months 
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FIG. 1: This figure shows the instrumental noise power spec- 
trum Nf for Planck satellite and various ground-based ex- 
periments (solid lines). For the comparison, we also plot the 
power spectra Cf in the models with r = 0.1 and r = 0.01 
(magenta dashed lines). The blue dotted line denotes the 
power spectra generated by cosmic lensing. 

and (II). The instrumental parameters for these exper- 
iments are given in the Appendix [X] Notice that, the 
ground-based experiments are only sensitive to the po- 
larizations. Since the ground-based experiments can only 
survey a small part of the full sky, it cannot encode the 
information of CMB field in the very large scale. From 
FIGlU find that ground-based experiments have much 
smaller noise power spectra than Planck satellite. 

We should notice that, cosmic lensing can convert the 
i?-mode polarization into B-mode (see [23] for a review). 
So the i3-mode spectrum due to RGWs will be contami- 
nated by a cosmic lensing contribution. The lensed Cf is 
also shown in FIG[1] which can be treated as a part of the 
total noise power spectrum Nf as well as instrumental 
noise power spectra in 

In addition to the instrumental noises and lensing 
noise, various foregrounds, such as the synchrotron and 
dust, are also the important contaminations in the CMB 
observation. It is hoped that the multifrcquency ob- 
servations and the hard work by astronomical commu- 
nity might allow future experiments can reduce the fore- 
ground noises in a very accurate level (see for instance 
[24|). So in the following discussion, we shall not consider 
this kind of contamination. 



III. DETERMINATION OF RGWS BY CMB 
OBSERVATIONS 

In the previous works HI] , we have discussed 

how to best constrain the parameters of the RGWs, i.e. 
r and nt, by the CMB observation. In the paper [2^, 
we found that, in general the constraints on r and nt 
correlate with each other. However, if we consider the 
tensor-to-scalar ratio at the best-pivot wavenumber fc^*, 
i.e. r = r{kf), the constraints on r and nt becomes inde- 
pendent of each other, and the uncertainties Ar and An* 
have the minimum values. In the work [2^, we have de- 
rived the formulas to calculate the quantities: the best- 
pivot wavenumber fcj, and the uncertainties of the pa- 
rameters Ar and Ant. This provides a simple and quick 
method to investigate the ability of the CMB observa- 
tions for the detect of RGWs. In this section, we shall 
briefly introduce these results. 

It is convenient to define two quantities as below, 

aj^^, fcl-ln(^). (12) 

Here Cjt sue the CMB power spectra generated by 
RGWs, and ajjj are the standard deviations of the esti- 
mators DJ, which can be calculated by Eq.®. £t the 
best-pivot multipolc, which is determined by solving the 
following equation [26] : 

EE«r^^* = o- (13) 

e Y 

So the value of it depends on the cosmological model, 
the amplitude of RGWs, and the noise power spectra. 
The best-pivot wavenumber relates to £t by the ap- 
proximation [2^ . 

k; ~ e; X iQ-'^Mpc-'^ . (14) 

In order to determine the constraints on the RGWs 
from the CMB observation, we can consider two quanti- 
ties, the signal-to-noise ratio S/N (which directly relate 
to Ar) and uncertainty Ant- For a specific cosmological 
model and the noises, the se q uantities can be calculated 
by the following formulas [20l [25l . [2^ 

5/7V^r/Ar=y'E,Ey«r. ,^ 

I (15) 

Ant = l/v'E.Ey(«W- 

In this letter, in order to compare the detection abil- 
ities for RGWs of Planck and the ground-based experi- 
ments, we shall consider the following four cases: 

Case A: We only consider the observation of the B- 
polarization by Planck satellite. So, in Eqs. p3)) and 
(ITS)) . Y = B and ^ = 2 ~ 1000. The noise power spec- 
trum Nf and cut sky factor /sky are the corresponding 
quantities for Planck satellite. 
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FIG. 2: This figure shows the best-pivot multipole If for 
Planck and PolarBear (II) experiments in Case A (red line), 
Case B (black line), Case C (blue line) and Case D (green 
line). 

Case B: We only consider the observation of the B- 
polarization by the ground-based experiments. 

Case C: We consider the determination on the RGWs 
by combining the S-polarization observations of Planck 
and the various ground-based experiments. Since the 
power spectra in the scale i < 20 {£ < 30 for Polar- 
Bear (I)) can only be observed by Planck satellite, we 
adopt the Nf and /sky as the the corresponding quan- 
tities for Planck satellite. In the scale £ — 20 ^ 1000 
(^ = 30 - 1000 for PolarBear (I)), we only adopt the 
Nf and /sky as the corresponding quantities for ground- 
based experiments. 

Case D: In addition to the i?-polarization discussed in 
Case C, we also take into account the observations of the 
other three power spectra, i.e. Y = T,C, E. For Y — T 
and C, only observed by Planck satellite, we consider the 
Planck noises and cut sky factor. For Y = similar with 
Y = B, Planck noise and cut sky factor are considered for 

< 20 (i! < 30 for PolarBear (I)), and the noises and cut 
sky factors of ground-based experiments are considered 
for the other multipole scales. 

A. Best-pivot multipole II 

First, let us discuss PolarBear (II) as a typical ground- 
based experiment. By solving Eg. p^ . in FIG Owe plot 
the best-pivot multipole (.^ as a function of tensor-to- 
scalar ratio r in the four cases. In Case A, the value 
of £j is always smaller than 40, which is because that, 
in Case A the main contribution on the constraint of 
RGWs only comes from the observation in the very large 
scale, i.e. the reioniation peak of S-polarization power 
spectrum p^,!!^. In Case B, 50 < < 130, the best- 
pivot multipole is in the intermedial scale, which reflects 
that PolarBear (II) constrains the RGWs mainly by the 
observation in the intermedial scale. As a combination 




r 



FIG. 3; This figure shows the best-pivot multipole If in Case 
D for the various ground-based experiments. 




r 



FIG. 4: This figure shows the signal-to-noise ratio S/N for 
Planck and PolarBear (II) experiments in Case A (red line). 
Case B (black line). Case C (blue line) and Case D (green 
line) . 



of Case A and B, in Case C the value of £j is focused 
on the range 40 < £j < 90. If we also consider the other 
three power spectra, T,E,C in Case D, the value of £1 
decreases a little when r > 0.1, due to the contribution 
of T, E, C power spectra psl ]. 

In FIG. [21 we also plot the best-pivot multipole £* as 
a function of r in Case D, where the various ground- 
based experiments are considered. In all these cases, we 
find that the value of £^ increases with the increasing of 
r. In general, the smaller instrumental noises follow the 
larger £^ . 

B. Signal-to- noise ratio S/N 

FIG m presents the signal-to- noise ratio S/N as a func- 
tion of r for Planck and PolaeBear (II) experiments, 
which are obtained by using the first formula in Ea. (jl5|) . 
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FIG. 5: The figure shows the signal-to-noise ratio SjN in 
Case D for the various ground-based experiments. 



As expected, in all these four larger r predicts a 

larger SjN. When r = 0.1, SjN = 3.6 for Planck satel- 
lite, and SjN = 8.4 for PolarBear (II) experiment. If 
we require that SjN > 3, r > 0.07 must be satisfied for 
Planck satellite, and r > 0.02 for PolarBear (II) exper- 
iment. This figure shows that, PolarBear (II) can give 
a much tighter constraint of r than Planck satellite, due 
to the much smaller noise level of the PolarBear (II) ex- 
periment. Even if we combine Planck and PolarBear (II) 
experiments, the constraint on r cannot make obvious 
improvement. 

In FIG. El we also plot the SjN as a function of r in 
Case D, where the various ground-based experiments are 
considered. As expected, the values SjN strongly depend 
on the instrumental noises and the sky survey factor /g^y 
of the ground-based experiments. The QUIET (II) can 
very well detect the signal of RGWs (4-cr level), even for 
the model with r = 0.01, 

From the first formula in (lisp . we find the total signal- 
to-noise ratio can be written as {S/N)"^ = '}2,i{S/N)1, 
where the individual signal-to-noise ratio for the multi- 
pole I is {S/N)j = YIy^J'^- fig l6] presents the quan- 
tity {S/N)'j as a function of multipole £ in the model 
with parameter r = 0.1. This figure clearly shows 
that, for the Planck satellite the constraint on r mainly 
comes from the observation in the reionization peak at 
£ < 10, and for PolarBear (II) experiment, the constraint 
mainly comes from the observation in the intermedial 
scale 20 < £ < 150. In Case C and D, the function 
{S/N)f has two peaks, one is at ^ < 10, and the other 
is at £ ~ 80. Comparing with the second peak, the first 
peak, due to the observation of Planck satellite, is very 
narrow, and only contribute a fairly smalle portion for 
the total S/N. From FIGlH we also find the difference 
between Case C and D is only at the range 10 < < 20, 
due to the observation of the Y — T,E and C power 
spectra. 
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FIG. 6: In the model of r = 0.1 for Planck and PolarBear 
(II) experiment, we plot the individual signal-to-noise ratio 
(S/N) I as a function of multipole £ in Case A (red line). Case 
B (black line). Case C (blue line) and Case D (green line). 



C. Uncertainty of spectral index Ant 

Now, let us turn our attention to the constraint of the 
tensor spectral index nt- Inserting the best-pivot multi- 
pole into the second formula in Eq.(15) and taking into 
account the corresponding noise power spectra, we obtain 
the Arit as a function of r, which are presented in FIGlT] 
In this figure, we have considered the Planck and Polar- 
Bear (II) experiments. We find that, the value of Ant 
in Case A is similar with that in Case B, although the 
Planck noise is nearly 300 times larger than that of 
PolarBear (II). When r > 0.08, Planck can give a tighter 
constraint, and when r < 0.08, PolarBear (II) can give a 
tighter constraint. When r = 0.1, we find Ant = 0.23 for 
Case A, and Ant = 0.24 for Case B. Both of them are 
fairly large for the constraint of the inflationary models. 
The single-field slow-roll inflationary models predict the 
consistency relation nt — —r/8 [l3|, which provides the 
unique way to exactly test or rule out this kind of models. 
In order to answer: whether the observations provide the 
probability to check the consistency relation, wc can com- 
pare the values of Ant with r/8. If Ant < r/S, we can 
say the constraint on nt is tight enough to check the con- 
sistency relation. From FIGlll we flnd that Ant < r/8 
is satisfled only if r > 0.9 for Case A, and r > 0.8 for 
Case B. Unfortunately, these models have been safely 
excluded by the current observations [23] ■ So we con- 
clude that, by either of the single experiment, Planck or 
PolarBear (II), we cannot constrain nt tight enough to 
check the consistency relation. 

Now, let us consider Case C, which has combined the 
Planck and PolarBear (II) experiments. We find in this 
case, the constraint on nt becomes much tighter than that 
in Case A or B. Comparing with Case B, the value of 
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FIG. 7: This figure shows the uncertainty Anj for Planck 
and PolarBear (II) experiments in Case A (red line), Case 
B (black line), Case C (blue lines) and Case D (green lines). 
The dashed (magenta) line denote the line with Ant — r/8. 
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FIG. 9: In the model of r = 0.1 for Planck and PolarBear 
(II) experiments, we plot the quantities of ^yi'^^ ^e)^ ^ 
function of multipole £ in Case A (red line). Case B (black 
line). Case C (blue line) and Case D (green line). 
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FIG. 8: The figure shows the uncertainty Ant in Case D for 
the various ground-based experiments. 

Ant is reduced by a factor 2. When r = 0.1, Ant — 0.10, 
which is much smaller than that in Case A or B. From 
FIG171 we also find that Ant < f/^ is satisfied only if 
r > 0.5. If considering the contribution of T,E,C, i.e. 
Case D, the constraint on nt can be even reduced when 
r > 0.2. So combining the Planck and PolarBear (II) 
experiments can effectively reduce the uncertainty of nt , 
although the noise power spectra of Planck experiment 
is much larger than that in PolarBear (II). 

In FIG. m we also plot the Ant as a function of r in 
Case D, where the various ground-based experiments are 
considered. We find that, by combing QUIET (II) and 
Planck experiments, we can get a constraint Ant = 0.09 
for the model with r = 0.1, and a constraint Ant = 0.06 
for the model with r = 0.3. 

Let us investigate the contribution of the observation 
in the individual multipole i. From Eq.(15), we find the 
quantity (l/Anj)^ is a sum of J^yi'^J^e)'^ ^'^^ mul- 



tipole £. In FIGl5]we plot the quantity J^yi'^JK)^ ^ 
function of £ for all the four cases, where we have con- 
sidered the model with parameter r = 0.1. In all cases, 
the contribution on the constraint of Ant mainly comes 
from the observation in the rage £ < 300. From this fig- 
ure, we also find that this quantity has the zero value 
when i = £1, due to 6|(£ = ) = 0. So the observation 
around the best-pivot multipole is not important for the 
constraint of nt- In the range of £ < 300, when £ <^ £1 
or £:§> £1, the value of 6| is large, as well as the quantity 
J2yi^jK)'^ ' which gives the important contribute for the 
constraint of nt- Especially the observation in the largest 
scale. For instance, in Case C the best-pivot multipole 
i; = 51, so (51^2)^ = 10-5 and (6;^2oo)^ = 1-86, the 
former one is 6 times larger than the latter one. So the 
observation at £ = 2 is much more important than that 
at £ = 200, for constraining the spectral index nt- We 
conclude that, the Planck observation in the largest scale 
is extremely important for the constraint of nj, although 
the noise power spectra of Planck satellite is much larger 
than that of the ground-based experiments. 



IV. CONCLUSION 

Detecting the signal of RGWs is one of the most im- 
portant tasks for the forthcoming CMB experiments, in- 
cluding the ground-based, space-based and balloon-borne 
experiments. In this letter, by calculating the uncertainty 
of the parameters r and nt, we compared the detection 
abilities of the upcoming space-based Planck mission and 
the various ground-based experiments. Comparing with 
Planck experiment, ground-based experiments have the 
much smaller instrumental noise power spectra, but can 
only observe the CMB field for a small portion of full sky. 
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TABLE 11: Instrumental parameters for BICEP experiment 
0- 



Band center [GHz] 


97.7 


151.8 




50 


48 


NET [nK- sec^] 


480 


420 


FWHM [arcmin] 


55 


37 


/sky 


0.024 


£ range 


20 ~ 1000 


Integration time 


380 Days 



TABLE III: Instrumental parameters for PolarBear (I) exper- 
iment 0]. 



Band center [GHz] 


90 


150 


220 




104 


160 


96 


NET [^K- seci] 


220 


244 


453 


FWHM [arcmin] 


6.7 


4.0 


2.7 


/sky 


0.012 


£ range 


30 ~ 1000 


Integration time 


0.45 Years 



We find that ground-based experiments predict a much 
larger S/N for all the inflationary models, by observ- 
ing the CMB power spectra in the intermedial multipole 



range. Even we combine it with Planck experiment, the 
value of S/N cannot be obviously improved. 

By calculating the value of Ant, we find ground-based 
experiments have the similar ability with Planck mission 
for the determination of rit- If combining them, the value 
of Ant can be much reduced, which provides an excellent 
opportunity to distinguish the various inflationary mod- 
els. We also find that, the observation in the largest scale 
{£ < 20) is extremely important for determining the spec- 
tral index nt- 
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APPENDIX A: INSTRUMENTAL PARAMETERS 
OF THE VARIOUS GROUND-BASED 
EXPERIMENTS 

In this appendix, we shall list the instrumental param- 
eters for the various ground-based experiment, which in- 
cluding BICEP, PolarBear (1) and (II), QUIET (I) and 
(II) . The parameters are detailed listed in Tables ITTl- IVH 
separately. 
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